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Abstract
The paper is devoted to quantization of polynomial momentum observables in the
cotangent bundle of a smooth manifold. A quantization procedure is proposed
allowing to quantize a wide class of functions which are polynomials of any order
in momenta. In the last part of the paper the quantum mechanics of scalar particle
in curved space-time is studied with the use of proposed approach.
INTRODUCTION
In the paper, the problem of quantization of polynomial classical observables is studied.
It is well-known that it is impossible to fully quantize the algebra of polynomials on a
Euclidean phase space [1, 2, 3]. Consequently, research has concentrated in two main
directions. The first is weakening the notion of “full” quantization. In this direction
various quantization schemes have been developed to the present time [3, 4, 5, 6].
The second direction is quantizing of restricted classes of observables. Such classes
are usually connected with symmetries of the phase space [7, 8]. If we are interested in
phase spaces N which have a distinguished configuration space, i.e. N = T ∗M , then an
important class of classical observables is one of functions polynomial in momenta. The
results obtained previously in quantizing of such functions deals mainly with observables
quadratic in momenta sniat1,gotay.
In present paper, a quantization procedure is proposed allowing to quantize a wide
class of functions which are polynomials of any order in momenta. We use the geometric
quantization procedure of Kirillov, Kostant and Souriau (see [4, 7, 10] for review). As
an application of proposed procedure, the quantization of the Hamiltonian of a scalar
pointlike particle in curved space-time is considered.
1 The work was partially supported by grants of Kazan Mathematical Society and Russian Founda-
tion for Basic Researches (Project No 96-01-01031).
The plan of the paper is as follows. In Sec. 1 the main aspects of geometric quanti-
zation scheme are presented. Next section is devoted to the quantization of polynomial
momentum observables in a phase space which is the cotangent bundle of a smooth
manifold. In the last part of the paper the quantum mechanics of scalar particle in
curved space-time is studied with the use of the proposed approach.
1 . GEOMETRIC QUANTIZATION
In this section we shortly describe the geometric quantization method which will be
used in following sections (see [4, 7, 10] for review).
Let (N, ω) is a symplectic manifold and C∞(N) be the set of C∞-functions on N .
For any f ∈ C∞(N) its Hamiltonian vector field ad (f) can be defined by the equation
ι( ad (f))ω = −df, where ι is the internal product. The Poisson bracket
{f1, f2} = ad (f1)(f2), f1, f2 ∈ C∞(N)
turns C∞(N) into a Lie algebra – the Poisson algebra of N . If the Hamiltonian vector
field ad (f) is complete then f generates via the Poisson brackets a one-parameter group
φtf of canonical transformation of N [11, 12].
A quantization is the linear map Q of a subalgebra F ⊂ C∞(N) into the set of
self-adjoint operators in a Hilbert space H possessing the following quantization axioms
(Q1) Q 1 = idH;
(Q2) [Q f1,Q f2] = ih¯Q ({f1, f2}) where h¯ = h/2pi is the Planck constant;
(Q3) for a complete set of functions f1, . . . , fr the operators Q(f1), . . . ,Q(fr) also
form a complete set [4].
Geometric quantization is an explicit realization of the quantization map (see [5, 6]
for review of another quantization approaches) providing a constructive way of quantiz-
ing subalgebras of the Poisson algebra.
The geometric quantization procedure includes the following main components [4,
2, 7, 10].
a) Prequantization line bundle L that is a Hermitian line bundle over N with con-
nection D, D-invariant2 Hermitian structure <,>. The connection form α of D should
obey the prequantization condition dα = −h−1ω.
b) Polarization F that is an integrable Lagrange distribution in TN ⊗R C. The
polarization plays an important role in the geometric quantization approach, because it
determines the representation space.
c) Metaplectic structure which consists of the bundle of metalinear frames and the
bundle L ⊗√∧nF of L-valued half-forms normal to the polarization F .
If these structures are defined on a symplectic manifold (N, ω), then the Hilbert
space H is defined to be the space of sections µ of the bundle L ⊗ √∧nF which are
covariantly constant along the polarization F . A function f ∈ C∞(N) is called polar-
ization preserving if its Lie derivative LX ad (f) ∈ F for any vector X ∈ F . For such
functions the quantization is defined by the Souriau-Kostant prequantization formula
Q(f)σ = (f − ih¯D ad (f))σ, DXσ = 0, σ ∈ H, X ∈ F. (1.1)
In order to quantize functions not preserving polarization one should construct a map-
ping connecting the Hilbert spaces HF corresponding to different polarizations. A way
of doing it is provided by the Blattner-Kostant-Sternberg (BKS) kernel [7, 10].
2Recall that D-invariance means that for each pair of sections λ and µ of L and each real vector
field X on M holds X < λ, µ >=< DXλ, µ > + < λ,DXµ >.
Further we shall consider a particular case when the system under consideration has
a physically distinguished configuration space M , i.e. N = T ∗M . Define the canonical
1-form θ by θ(u) = ξ(pi∗(u)) for each ξ ∈ T ∗M , u ∈ Tξ T ∗M where pi : T ∗M → M is
the cotangent bundle projection and pi∗ is its differential. The 2-form ω = dθ is closed
and non-degenerate and turns T ∗M into a symplectic manifold.
For each smooth vector we define a function PX on T
∗M by PX(ξ) = ξ(X(pi(ξ))),
ξ ∈ T ∗M. We shall refer to PX as the momentum associated to a vector field X .
If xα, α = 1, . . . , n are local coordinates in a domain U ⊂M , then we can introduce
the canonical coordinate system (pi−1(U), xα, pα) where pα = P (∂/∂x
α). In these coor-
dinates on T ∗M the symplectic form ω takes the canonical form ω =
∑
α dp
α ∧ dxα. Let
pi : TM → M be the tangent bundle projection, then the vertical polarization F =Ker pi
can be defined spanned by the vector fields ∂/∂xα .
It is easy to demonstrate that the vertical polarization leads to the Schro¨dinger
representation. For construction of the Hilbert space HF corresponding to this rep-
resentation we should define a global section of the bundle of metalinear frames L ⊗√∧nF over T ∗M . We demonstrate further (see [7] for details) how it can be done with
the use of a non-degenerate symmetric tensor field γ of second rank on the configuration
space M . This tensor field can be considered as a (pseudo) Riemannian metric on M .
First, we note that there exists an isomorphism between the sections µ of the bundle
B ≡ √∧nF and the set of complex-valued functions µ# on B∗ ≡ B\{0} possessing the
property µ#(cz) = c−1µ#(z), c ∈ C. This isomorphism is given by µ(piz) = µ#(z)z
where pi : B→ T ∗M is the projection.
For each chart (U, xα) on M , the metric γ defines a matrix-valued function γU =
(γUαβ) on U . Let ζU = {ζ1, . . . , ζn} be an orthonormal frame for TU
ζα =
∑
β
Cβα
∂
∂xα
, detC > 0, (CγUC
T )αβ = δαβ .
From here det C = | det γU|1/2. Let ηU = {η1, . . . , ηn} be the frame field for F defined
by ηU = ad (x)(C
T ◦ pi)−1 and let η˜U be a metalinear frame field [7] projecting onto ηU.
Then we can define a local section µγU of B by µ
#
γU
◦ η = 1 satisfying
µγU = ±|(det γU) ◦ pi|1/4µU
where µU is the metalinear frame field for ζU. Using the transformation properties of
γ it can be shown that µγU defines a covariantly constant global section µγ of B such
that, for each open domain U ⊂M ,
µγ |pi−1(U) = ±|(det γU) ◦ pi|1/4µU. (1.2)
If F is the vertical polarization, then the symplectic form is exact ω = dθ and each
section σ covariantly constant along F can be represented in the form
σ = Ψ λ0 ⊗ µγ (1.3)
where λ0 is a non-vanishing section of L and Ψ is a complex-valued function on M .
The most general quantization formula for a function f ∈ C∞(N) by the geometric
quantization procedure can be written in the form [4, 7]
Q(f)σ = ih¯ d
dt
(φ˜tfσ)|t=0, σ ∈ H (1.4)
where φ˜tf is the one-parameter group of transformation in the Hilbert space H generated
by the function f . If the support of Ψ is contained in some coordinate neighborhood U ,
then we can write
Ψ λ0 ⊗ µγ = ψ(x) λ0 ⊗ µU (1.5)
where ψ is a function on Rn with support contained in the image of the chart x : U →
Rn. Comparing (1.5) and (1.2) we find, for each y ∈ U ,
ψ(x(y)) = ±Ψ(y)| det γU(y)|1/4. (1.6)
For sufficiently small t
φ˜tf(Ψ λ0 ⊗ µγ) = ψt(x) λ0 ⊗ µU (1.7)
where ψt is given by the equation [7]
ψt(x) = (ih¯)
−n/2
∫
[detω( ad (xµ), φtf ad (x
ν))]1/2
exp[i/h¯
∫ t
0
(θ( ad (f))− f) ◦ φ−sf ds] ψ(x ◦ φ−tf ) dnp. (1.8)
2 . QUANTIZATION OF POLYNOMIAL MOMENTUM OBSERVABLES
In this section we consider the quantization of polynomial momentum observables in the
phase space N = T ∗M using the geometric quantization procedure in the Schro¨dinger
representation. Consider a classical system with an oriented configuration space M and
let F be the vertical polarization on the phase space T ∗M .
Let us denote Cr(N) the subspace C
∞(N) consisting of the functions which are at
most r-th degree polynomials along the fibers of the cotangent bundle projection. A
function f ∈ Cr(M) can be represented as a sum of homogeneous terms of the form
f(k) = f
α1...αk
(k) (x)pα1 . . . pαk , k = 1, . . . , r. (2.1)
Along with the functions f(k) we shall consider further the associated tensor fields ϕ(k) =
fα1...αk(k) ∂α1 . . . ∂αk .
In order to construct the quantization map for a function f ∈ Cr(N) we should first
consider the quantization for the homogeneous terms (2.1) of any order in momenta.
At first, let us define a global non-vanishing section σ0 of the bundle L⊗
√∧nF of
L-valued half-forms normal to the (vertical) polarization. As it was shown in Sec. 2, such
section can be constructed using a (pseudo)Riemannian metric γ on the configuration
space M .
In fact we can choose any such metric on M in order to construct the section σ0.
However, in applications we are usually interesting in a natural choice of γ.
The problem simplifies if for given function f the matrix (fαβ(2) ) in (2.1) is non-
degenerate. In this case we can put γ = f(2)αβ dq
αdqβ, f(2)αβf
βτ
(2) = δ
τ
α. However, if
(fαβ(2) ) is degenerate, one should choose σ0 using additional considerations. For example,
a (pseudo)Riemannian structure on the configuration spaceM could be used, motivated
by some physical reasons.
When the global section of L ⊗ √∧nF is chosen, we have to develop an approach
for quantization of the homogeneous terms (2.1) for any order k. In fact, we propose
here a way of quantizing only a wide class of such terms.
For k = 0, 1 the functions are vertical polarization preserving and it is easy to
write down the expressions for corresponding operators [7] using the Kostant-Souriau
prequantization formula (1.1)
Q(f(0) + fα(1)pα) ψ λ0 ⊗ µγ =
(−ih¯ ad (f(0) + fα(1)pα) ψ + (f(0) −
ih¯
2
∂fα(1)
∂qα
) ψ) λ0 ⊗ µγ.
Consider now the case k ≥ 2. Let us suppose that it is possible to introduce in a
neighborhood of any point y ∈M such coordinates (xα) that the first partial derivatives
of the functions fα1α2...αk(k) at y are equal to zero. We shall call such coordinates normal
with respect to the tensor field ϕ(k) = f
α1...αk
(k) ∂α1 . . . ∂αk . The problem of finding the
normal coordinates is equivalent to determining of a (local) linear connection in which
the tensor field ϕ(k) is covariantly constant.
It is easy to see that in general case it is impossible to find such connection, because
the corresponding system of algebraic equations on connection coefficients is overdeter-
mined. However, the coordinates normal with respect to a tensor field can be introduced
in many important cases. For example, if M is a (pseudo)Riemannian manifold with
the metric g then it is possible to find the coordinates normal with respect to covari-
antly constant tensors ϕ(k) coincides with the Riemannian normal coordinates. In the
next section we shall see how it allows us to quantize the Hamiltonian of the relativistic
particle on curved space-time background.
In the following we suppose that the function f(k) is such that in a neighborhood
of any point y ∈M it is possible to introduce the coordinates normal with respect to a
given tensor field ϕ(k).
Let us now quantize the function f = f(k) = f
α1...αk
(k) pα1 . . . pαk using (1.4) and (1.8).
In this case the integral in (1.8) can be simplified if the coordinates (xα) are normal at
the point y with respect to the tensor field ϕ(k). In this case the functions x
α depend
linearly on t along the orbits of the group φtf
xα ◦ φtf = kt fα1...αk−1α(k) pα1 . . . pαk−1
for each ξ ∈ T ∗yM . At the same time pα ◦ φtf =const in these coordinates.
Using the last equation and the formulae
d
dt
(xα ◦ φtf) = kfα1...αk−1(k) pα1 . . . pαk−1 ,
d
dt
(pα ◦ φtf) = −∂αfα1...αk(k) pα1 . . . pαk
it is possible to approximate the integrand in (1.8) so that the integration will give
results accurate to first order in t. After that Eq. (1.8) takes the form
ψt(0) = (ih¯/k)
−n/2
∫
[det(f
α1...αk−2βτ
(k) (0))]
1/2
exp[i/h¯ t(k − 1)f(k)(0)]ψ(−kt fα1...αk−1α(k) (0) pα1 . . . pαk−1)) dnp. (2.2)
It is easy to see that together with (1.4) and (1.7) this formula defines a quantization
coinciding with the quantization of the function
fα1...αk(k) (0) pα1 . . . pαk .
This function can be quantized using the von Neumann rule (see Appendix)
Q(aα1...αkpα1 . . . pαk) = aα1...αkQ(pα1) . . .Q(pαk), (2.3)
aα1...αk = const.
From here using (1.3) we get
Q(f(k))ψ λ0 ⊗ µγ = (ih¯)kfα1...αk(k) (0)
∂k(|g|1/4ψ)
∂xα1 . . . ∂xαk
(0) λ0 ⊗ µγ. (2.4)
Because the point y ∈M in these considerations was chosen to be appropriate, the
formula (2.4) give the quantization operator corresponding to any homogeneous term of
the form (2.1).
3 . QUANTUM MECHANICS IN CURVED SPACE-TIME
As an application of the approach proposed in the previous section let us consider
quantization of Hamiltonian of a particle in a curved space-time which is a general
Riemannian manifold (M, g).
We develop here the quantum theory of a pointlike scalar particle in curved space-
time as quantization of its classical mechanics. This approach to construction of quan-
tum theory is almost obvious, however it is badly developed in relativistic case because
of well-known difficulties with quantizing of non-linear observables. Usually, the field
theoretical approach to construction of quantum mechanics in curved space-time has
been used instead [13, 14] which deduces the (finite-dimensional) quantum mechanical
description from the field equations describing corresponding infinite-dimensional field
systems.
Consider first the formulation of classical mechanics of the system. It can be for-
mulated by the use of an instant spacelike surface Σ ⊂ M [16]. If we choose the local
coordinates vα, α = 1, . . . , 3 on Σ then the Hamiltonian of the particle takes the form
H =
√
ραβpαpβ + g00 m2
where m is the particle’s mass and ρ is the induced metric on Σ, ραβ = gαβ/g00.
Let us consider approximation of H for small values of momenta ραβpαpβ << m
2
H = H1 +H2 +H3 + higher order terms. (3.1)
where
H1 = m
√
g00, H2 =
√
g00
gαβpαpβ
2m
, H3 = m
√
g00
(gαβpαpβ)
2
4m3
.
For simplicity further we consider only the case g00 = 1 whence ραβ = gαβ. Quantizing
the first two terms in this expression we get [7, 17]
m− h¯
2
2m
gαβ∇α∇β + h¯
2
12m
R (3.2)
where ∇α is the covariant derivative with respect to 3-metric ρ and R is the scalar
curvature.
Let us consider the third term in (3.1). Introducing the Riemannian normal coor-
dinates and applying the method developed in the previous section we see that quanti-
zation of the function (gαβpαpβ)
2 leads in these coordinates to the quantization of the
function
∑
(pα)
4. From here
Q (H3) ψ(x) = h¯
4
4m2
∑
α
∂4ψ(x)
∂v4α
(0). (3.3)
Taking in account the equation (1.6) we can find the expression for (QH3)ψ in an
appropriate coordinates. In order to do it we first list all possible independent invariant
terms which could appear in this expression:
I1 = R
2ψ, I2 = △Rψ, I3 = RαβµνRαβµνψ,
I4 = R
αβRαβ , I5 = R
αψ,α, I6 = R
αβψ,αβ ,
I7 = R△ ψ, I8 = gαβgµνψ,αβµν .
Here the comma denotes the covariant derivative ∇α, Rαβµν , Rαβ and R are Riemann,
Ricci and scalar curvatures of ρ and △ = gαβ∇α∇β. Using (1.6), in Riemannian normal
coordinates we find from (3.3)
gαβgµν∂αβµν(|g|1/4ψ) = gαβgµν(|g|−3/4∂βµ|g|∂αλψ + |g|−3/4∂βλµ|g|∂αψ+
1
2
|g|−3/4∂λµ|g|∂αβψ + (−3
8
|g|−7/4∂αλ|g|∂βµψ − 3
16
|g|−7/4∂αβ |g|∂λµψ (3.4)
+
1
4
|g|−3/4∂αβλµ|g|)ψ + |g|−1/4∂αβλµψ)
where |g| = det(gαβ).
Using the expansion for the components of the metric g in Riemannian normal
coordinates [18]
gµν = gµν(0) +
1
3
Rµανβ(0)v
αvβ − 1
6
Rµανβ,γ(0)v
αvβvγ+
(
1
20
Rµανβ,γλ(0) +
2
45
RαµβσR
σ
γνλ(0))v
αvβvγvλ + higher order terms,
Using this formula, after complicated but straightforward calculations, we get from (3.3)
and (3.4)
Q (H3) ψ λ0 ⊗ µρ = |g|1/4(− 1
12
I1 +
1
5
I2 +
3
10
I3 +
1
30
I4 − 1
3
I5 +
1
3
I7 + I8)λ0 ⊗ µρ.
By the use of the proposed approach it is in principle possible to calculate quantum
operators corresponding to all terms in the expansion (3.1) of the particle Hamilto-
nian. In order to do it, for example, for the term (gαβpαpβ)
3 one should calculate all
possible invariants of 6th order in normal coordinates and, then rewrite the expression
gαβgλµgνρ∂αβλµνρ(|g|1/4ψ) in covariant form.
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APPENDIX
We consider here the von Neumann rule (2.3). Relations of such type appears in various
quantization approaches (see e.g. [3, 19]). The simplest general form of von Neumann
rule is
Q(ϕ ◦ f) = ϕ(Qf) (A.1)
for a distinguished class of observables CD, f ∈ CD and certain function ϕ ∈ C∞(R).
It is easy to see that (A.1) is not true for all observables CD = C
∞(N). However, it is
obviously true for restricted classes of functions on the phase space.
We shall prove here the relation
Q(Φ(pα1 , . . . , pαk) = Φ(Qpα1 , . . . , pαk) (A.2)
where Φ is a symmetric k-linear real-valued mapping of the momentum space.
Since [Qpα,Qpβ] = 0 we have
[Q(pα1 . . . pαk),Qpβ] = ih¯Q({pα1 . . . pαk , Qpβ}) = 0
for any α1, . . . , αk = 1, . . . , n because [Qpα,Qpβ] = 0. At the same time
[Q(pα1 . . . pαk),Qxβ ] = ih¯Q({pα1 . . . pαk ,Qxβ}) =
ih¯Q(δβα1 pα2 . . . pαk + δβαk pα1 . . . pαk−1) = [Q(pα1) . . .Q(pαk),Qxβ].
From here it follows that Q(pα1 . . . pαk) = Q(pα1) . . .Q(pαk) + T where T is an operator
commuting with both momenta and coordinates.
Supposing by induction that (A.2) holds for k − 1and using the formula [9]
Q(pαxβ) = 1
2
(Q(pα)Q(xβ) +Q(xβ)Q(pα))
we get
Q(pα1 . . . pαk) = Q({pα1 . . . pαk), pβxβ}) = −
i
h¯
[Q(pα1 . . . pαk),Q(pβxβ)] =
− i
2h¯
[Q(pα1) . . .Q(pαk) + T, Q(pβ)Q(xβ) +Q(xβ)Q(pβ)] = Q(pα1) . . .Q(pαk).
By linearity of the quantization mapping this proves the genralized von Neumann rule
(A.2) and (2.3).
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